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We investigate the D∗s0(2317) meson using lattice QCD and considering correlation functions of
several c¯s two-quark and c¯s(u¯u+d¯d) four-quark interpolating fields. These interpolating fields gener-
ate different structures in color, spin and position space including quark-antiquark pairs, tetraquarks
and two-meson scattering states. For our computation we use an ensemble simulated with pion mass
mpi ≈ 0.296 GeV and spatial volume of extent 2.90 fm. We find in addition to the expected spec-
trum of two-meson scattering states another state around 60 MeV below the DK threshold, which we
interpret as the D∗s0(2317) meson. This state couples predominantly to a quark-antiquark interpo-
lating field and only weakly to a DK two-meson interpolating field. The coupling to the tetraquark
interpolating fields is essentially zero, rendering a tetraquark interpretation of the D∗s0(2317) me-
son rather unlikely. Moreover, we perform a scattering analysis using Lu¨scher’s method and the
effective range approximation to determine the D∗s0(2317) mass for infinite spatial volume. We find
this mass 51 MeV below the DK threshold, rather close to both our finite volume result and the
experimentally observed value.
I. INTRODUCTION
The D∗s0(2317) meson with quantum numbers I(J
P ) =
0(0+), strangeness S = ±1 and charm C = S has mass
mD∗s0 = 2.3178(5) GeV, around 45 MeV below the DK
threshold [1–4]. This experimental result is in contrast
to theoretical predictions from quark models (see e.g.
Refs. [5–7]), where the D∗s0(2317) meson is treated as a c¯s
quark-antiquark pair, which leads to a significantly larger
mass in the range of 100 MeV to 200 MeV above the ex-
perimental value. Because of that discrepancy, there is
an ongoing debate about the quark composition of the
D∗s0(2317) meson. Besides a standard quark-antiquark
structure it could also have a four-quark structure. For
example Refs. [8–10] propose a tetraquark structure,
while Ref. [11] provides arguments against such a sce-
nario. Another possibility is a DK mesonic molecule
structure as e.g. suggested by Refs. [12, 13]. This pic-
ture is also supported by recent papers [14–17], where
DK molecular components from around 60% to 75% are
found. Other interesting approaches, which are able to
explain the surprisingly low mass of the D∗s0(2317) me-
son, are e.g. presented in Ref. [18], where the D∗s0(2317)
meson is a standard c¯s configuration with the coupling to
the nearbyDK threshold taken into account, and in Refs.
[19–21], which are based on an SU(3) chiral Lagrangian.
For a more detailed discussion of the properties of the
D∗s0(2317) meson and existing literature we refer to the
review articles [22, 23].
Early quenched lattice QCD studies [24–30] of the
D∗s0(2317) meson found masses significantly larger than
the experimental result, similar to quark model predic-
tions. There are also more recent lattice QCD studies
[31–39], where only quark-antiquark interpolating fields
of flavor structure c¯s were taken into account. The ma-
jority of these studies also finds masses for the D∗s0(2317)
meson, which are larger than the experimental value, in
particular if extrapolations to physical quark masses and
to the continuum were performed (see e.g. Ref. [37]).
If, however, in addition to quark-antiquark interpolat-
ing fields also two-meson DK interpolating fields are in-
cluded, as done in the recent precision lattice QCD com-
putations presented in Refs. [40–42], D∗s0(2317) masses
below the DK threshold and close or consistent with
the experimental result are found. In these investiga-
tions almost physical u and d quark masses were used,
corresponding to pion masses mpi ≈ 0.156 GeV and
mpi ≈ 0.150 GeV, respectively, and Lu¨scher’s method was
employed, to obtain the meson mass at infinite spatial
volume. In this context it is also interesting to men-
tion two closely related lattice QCD investigations. In
Ref. [43] scattering of charmed and light pseudoscalar
mesons was studied, including DK¯ scattering, and by
using SU(3) flavor symmetry the D∗s0(2317) mass was
obtained in agreement with experiment and support for
the interpretation as a DK molecule was found. In Ref.
[44] scattering in the D∗0 sector was studied, however,
with rather heavy quark masses, somewhere between the
physical light and strange quark, corresponding to a pion
mass mpi ≈ 0.391 GeV, which led to some insights on the
qualitative difference between the D∗0(2400) meson and
the D∗s0(2317) meson.
In this work we also study the D∗s0(2317) meson using
lattice QCD with particular focus on tetraquark interpo-
lating fields. As in the aforementioned lattice QCD inves-
tigations [40–42] we consider both quark-antiquark and
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2two-meson interpolating fields. In addition, we include
for the first time also tetraquark interpolating fields,
where the four quarks are centered at the same point
in space. We implemented color and spin contractions,
where two standard meson interpolating fields of quark-
antiquark type are put on top of each other (resembling
DK and Dsη mesonic molecules), as well as contractions,
which have a diquark-antidiquark structure. Including
such tetraquark interpolating fields might be essential,
as it has recently been reported in Ref. [45] for the pos-
itive parity mesons a0(980) and K
∗
0 (700). In both cases
a low-lying energy level is missed, if they are not taken
into account. Moreover, we compute the couplings of the
low lying states to different types of two-quark and four-
quark interpolating fields and compare the spectra ob-
tained from different subsets of interpolating fields. This
might shed additional light on the question, whether the
D∗s0(2317) meson is predominantly a c¯s state or rather
has a large tetraquark component.
We perform our computations in a single spatial vol-
ume of extent 2.90 fm and at unphysically heavy u and
d quark mass corresponding to mpi ≈ 296 MeV. For
the analysis of correlation functions we apply the Athens
Model Independent Analysis Scheme (AMIAS), an anal-
ysis method based on statistical concepts for extracting
excited states from correlation functions. AMIAS is a
novel analysis method, which has previously been used
in a study of the nucleon spectrum and the a0(980) me-
son [46, 47]. AMIAS utilizes all the information encoded
in the correlation function with the particular advantage
of exploiting also data at small temporal separations,
where statistical errors are typically small. In addition
to AMIAS we also use the standard generalized eigen-
value problem (GEVP) method, i.e. we solve generalized
eigenvalue problems and extract the spectrum from effec-
tive energy plateaus (cf. e.g. [48] and references therein).
Note that both the GEVP and AMIAS provide informa-
tion on the relative importance of the considered inter-
polating fields. Combining both methods allows to check
the robustness of our results.
This paper is organized as follows: In section II we de-
scribe the lattice setup and techniques with particular fo-
cus on the implemented interpolating fields. In section III
we discuss the spectral decomposition of the correspond-
ing two-point correlation functions. A short description
of our two analysis methods, the GEVP and AMIAS,
is provided in section IV. Section V is the main section
of this work, where our numerical results are presented.
First, in section V A, we show several finite volume spec-
tra for the sector with D∗s0(2317) quantum numbers cor-
responding to different sets of interpolating fields. Based
on these results the importance of each interpolating field
is discussed. Then, in section V B, we perform a scat-
tering analysis using Lu¨scher’s method and the effective
range expansion to determine the D∗s0(2317) mass at in-
finite volume. In section VI we summarize our findings
and give our conclusions.
II. INTERPOLATING FIELDS AND LATTICE
SETUP
To investigate the D∗s0(2317) meson, we consider a 7×7
correlation matrix
Cjk(t) =
〈
Oj(t2)Ok†(t1)
〉
, t = t2 − t1. (1)
The interpolating fields Oj , j = 1, . . . , 7 have either a
two-quark c¯s or a four-quark c¯sq¯q structure, where q¯q =
(u¯u + d¯d)/
√
2. In detail we consider the interpolating
fields
O1 = Oqq¯, 1 = N1
∑
x
(
c¯(x)s(x)
)
(2)
O2 = Oqq¯, γ0 = N2
∑
x
(
c¯(x)γ0s(x)
)
(3)
O3 = ODK, point
= N3
∑
x
(
c¯(x)γ5q(x)
)(
q¯(x)γ5s(x)
)
(4)
O4 = ODsη, point
= N4
∑
x
(
c¯(x)γ5s(x)
)(
q¯(x)γ5q(x)
)
(5)
O5 = OQQ¯, γ5
= N5
∑
x
abc
(
c¯b(x)(Cγ5)q¯
T
c (x)
)
ade
(
qTd (x)(Cγ5)se(x)
)
(6)
O6 = ODK, 2part
= N6
∑
x,y
(
c¯(x)γ5q(x)
)(
q¯(y)γ5s(y)
)
(7)
O7 = ODsη, 2part
= N7
∑
x,y
(
c¯(x)γ5s(x)
)(
q¯(y)γ5q(y)
)
. (8)
C denotes the charge conjugation matrix and the normal-
ization factors Nj are chosen such that Cjj(t = a) = 1
(no sum over j; a is the lattice spacing), i.e. in a way that
the interpolating fields generate trial states with similar
norm. All interpolating fields couple to the D∗s0(2317)
meson and to other states with the same quantum num-
bers. As in previous lattice QCD computations [40–42]
we consider quark-antiquark interpolating fields, Oqq¯, 1
and Oqq¯, γ0 , as well as two-meson interpolating fields,
ODK, 2part and ODsη, 2part. In Refs. [40–42] it was shown
that the latter interpolating fields are essential to deter-
mine the energy of the ground state and the first excita-
tion reliably. In addition we implemented the tetraquark
interpolating fields ODK, point, ODsη, point and OQQ¯, γ5
with the four quark operators located at the same point
in space.
The interpolating fields ODK, 2part and ODsη, 2part
mostly generate DK and Dsη scattering states, which
are expected to have energies somewhat above the mass
of the D∗s0(2317) meson (mD + mK − mD∗s0 ≈ 45 MeV
and mDs + mη − mD∗s0 ≈ 200 MeV [4]). In contrast
3to ODK, 2part and ODsη, 2part, where both mesons have
zero momentum, the interpolating fields ODK, point and
ODsη, point represent two mesons centered at the same
point in space and, thus, resemble mesonic molecules.
Similarly, due to the different color structure, OQQ¯, γ5
resembles a diquark-antidiquark pair.
Tetraquark interpolating fields like ODK, point,
ODsη, point and OQQ¯, γ5 were not considered in previous
lattice QCD studies of the D∗s0(2317) meson. Thus,
the main goal of this work is to explore, whether
the inclusion of these tetraquark interpolating fields
has an effect on the lattice QCD determination of
the low-lying spectrum. Similar recent investigations
of systems not including the D∗s0(2317) meson have
led to different findings regarding the importance of
tetraquark interpolating fields. While in Refs. [47, 49]
only marginal differences in the resulting spectra of the
I = 1 hidden-charm and doubly-charmed sectors and the
a0(980) sector were found, Ref. [45] observed additional
energy levels both with K∗0 (700) and a0(980) quantum
numbers. In this work, we also compute and compare
the overlaps of the corresponding trial states Oj |Ω〉 (|Ω〉
denotes the vacuum) to the lowest energy eigenstate, to
obtain certain information about the quark composition
of the D∗s0(2317) meson. This might contribute to
the ongoing debate, whether the D∗s0(2317) meson is
predominantly a quark-antiquark pair or a tetraquark
(see the discussion in section I).
Note that the interpolating fields O3 to O7 do not gen-
erate orthogonal trial states. For example the terms with
x = y in Eqs. (7) and (8) also appear in Eqs. (4) and
(5). Similarly, one can relate two-meson combinations
to diquark-antidiquark combinations via a Fierz identity,
i.e. some of the terms present in Eqs. (4) and (5) are also
part of Eq. (6) and vice versa. Even though the seven in-
terpolating fields do not generate orthogonal trial states,
they are not linearly dependent either, because each of
them contains terms not present in any of the other six.
Their non-orthogonality does not cause any particular
problems during our analyses, because the two methods
we use, the GEVP and AMIAS, are both able to deal
with correlation matrices based on non-orthogonal trial
states. We remark that on a technical level this work is
similar to our lattice QCD investigation of the a0(980)
meson [47], because to a large extent the same interpo-
lating fields are used, just with different quark flavors.
To increase the coupling of the interpolating fields to
the low-lying energy eigenstates, quark fields in Eqs. (2)
to (8) are Gaussian smeared with APE smeared spatial
gauge links (cf. Refs. [50, 51]). The smearing parameters
are κGauss = 0.5, NGauss = 50, αAPE = 0.45 and NAPE =
20, where detailed equations are given in [52].
To compute the correlation functions, we use an en-
semble of around 500 gauge link configurations gener-
ated with Nf = 2 + 1 dynamical Wilson clover quarks
and the Iwasaki gauge action by the PACS-CS Collab-
oration [53]. The lattice size is 64 × 323 with lattice
spacing a = 0.0907(14) fm, i.e. the spatial lattice extent
L is around 2.90 fm. The u and d quark mass and the s
quark mass correspond to the pion mass mpi ≈ 0.296 GeV
and the kaon mass mK ≈ 0.597 GeV, i.e. are both heav-
ier than in the real world, while the c quark mass cor-
responds to the D meson mass mD ≈ 1.845 GeV, i.e.
is slightly lighter (see the detailed discussion in sec-
tion V B). Note that the c quark only appears as a valence
quark.
In a recent publication [54], we implemented and com-
pared various combinations of techniques for the compu-
tation of propagators and correlation functions including
point-to-all propagators, stochastic timeslice-to-all prop-
agators, the one-end trick and sequential propagators.
For each diagram of a similar 6 × 6 correlation matrix,
which we used to study the a0(980) meson [47], we de-
termined the most efficient combination of techniques.
We have applied the same combinations of techniques in
this work to compute the 7 × 7 correlation matrix (1)
with the interpolating fields (2) to (8). Finding efficient
methods is particularly important for diagrams, where
quarks propagate within a timeslice, e.g. diagrams con-
taining closed quark loops. These diagrams are signifi-
cantly more noisy than their counterparts, where quarks
do not propagate within a timeslice. Their noise-to-signal
ratio grows exponentially with increasing temporal sepa-
ration as discussed in Ref. [54].
III. CORRELATION FUNCTIONS FOR
PERIODIC TEMPORAL DIRECTION
A correlation function computed on a lattice with pe-
riodic temporal direction of extension T can be expanded
according to
Cjk(t) =
〈
Oj(t)Ok†(0)
〉
=
1
Z
∑
m,n
e−Em(T−t)cjm,ne
−Ent(ckm,n)
∗ (9)
with energy eigenstates |m〉, corresponding energy eigen-
values Em, possibly complex c
j
m,n = 〈m|Oj |n〉 and Z =∑
m e
−EmT .
Using the QCD symmetries charge conjugation and
time reversal one can show that all elements of the corre-
lation matrix (1) with interpolating fields (2) to (8) are
real. Moreover, one can rewrite Eq. (9) in more conve-
nient form,
Cjk(t) =
1
Z
∑
m,n
e−(Em+En)T/2cjm,nc
k
m,n
Hjk((Em − En)(t− T/2)), (10)
with real cjm,n and
Hjk(x)
=
{ − sinh(x) for j = 2, k 6= 2 and j 6= 2, k = 2
+ cosh(x) otherwise
.
(11)
4Since the elements of the correlation matrix are either
symmetric with respect to the reversal of time, Cjk(t) =
+Cjk(T − t) for Hjk(x) = + cosh(x), or antisymmet-
ric, Cjk(t) = −Cjk(T − t) for Hjk(x) = − sinh(x), it is
sufficient to restrict the following discussion to temporal
separations 0 ≤ t ≤ T/2.
For sufficiently large T , where Z ≈ e−EΩT (Ω denotes
the vacuum), and for sufficiently large t, Eq. (10) reduces
to
Cjk(t) =
truncated∑
m
4e−EmT/2cjm,Ωc
k
m,ΩHjk(Em(t− T/2)),
(12)
if the correlation function is not contaminated by ef-
fects related to multi-hadron states as discussed below.
Em = Em − EΩ and
∑truncated
m denotes the sum over a
finite number of low-lying energy eigenstates in the sec-
tor with D∗s0(2317) quantum numbers, which is probed
by the interpolating fields (2) to (8) (in the following we
assume the ordering E0 ≤ E1 ≤ E2 ≤ . . .).
For temporal separations t around T/2 the correla-
tion functions Cjk(t) have a more complicated expansion
than Eq. (12), if there are low-lying multi-hadron states
with the same quantum numbers. In our case, i.e. for
D∗s0(2317) quantum numbers, the lowest multi-hadron
state is a DK scattering state, which has an energy only
slightly above the mass of the D∗s0(2317) meson. Clearly,
the interpolating fields (2) to (8) do not only excite such
a DK scattering state, when applied to the vacuum |Ω〉,
but also yield non-vanishing matrix elements 〈D|Oj |K〉
and 〈K|Oj |D〉, i.e. annihilate a kaon and create a D me-
son and vice versa. For example a significant contribution
to Cjj(t) is
2
Z
e−(ED+EK)T/2(cjD,K)
2cosh((ED − EK)(t− T/2))
≈ 2e−(mD+mK)T/2(cjD,K)2
cosh((mD −mK)(t− T/2)) (13)
as can be seen from Eq. (10). Assuming coefficients
|cjD,K | ≈ |cjDK,Ω|, where DK denotes a low-lying DK
scattering state, one can see that in the region of t ≈ T/2
the corresponding terms in Eq. (10) are comparable in
magnitude. Therefore, terms as in Eq. (13) have to
be taken into account, when extracting energy levels
from correlation functions at large temporal separations
t ≈ T/2. For smaller temporal separations t such con-
tributions may be neglected, since they are exponentially
suppressed ∝ e−2mK(t−T/2) with decreasing t. Analytical
estimates as well as numerical experiments have shown,
that within our setup this is the case for t<∼ 15 a, which
is an upper bound for all t fitting ranges used in the fol-
lowing.
IV. ANALYSIS METHODS
To analyze the 7 × 7 correlation matrix discussed in
section III and various submatrices, we use both the
GEVP method and the AMIAS method. While the
GEVP method is quite common and very well known, the
AMIAS method has proven to be particularly suited to
study excited states [46] and was succesfully used in our
related previous lattice QCD study of the a0(980) meson
[47]. In section V we will show that both methods yield
consistent results, which we consider to be an important
cross-check, in particular due to the fact that the signal-
to-noise ratios of the elements of the correlation matrix
grow rapidly with increasing temporal separations. In
the following we summarize both methods and discuss
the details of our analyses.
A. GEVP method
A commonly used method to extract several energy
levels from an N × N correlation matrix is to solve the
generalized eigenvalue problem
C(t)vm(t, t0) = λm(t, t0)C(t0)vm(t, t0) (14)
(see e.g. Ref. [48] and references therein), where C(t)
is the correlation matrix with entries Cjk(t) (j, k =
1, . . . , N), vm(t, t0) the eigenvector corresponding to the
eigenvalue λm(t, t0) (m = 0, . . . , N −1) and t0 ≥ a an in-
put parameter. We use t0 = a, which is a typical choice.
A number of N effective energies Eeff,m(t) can be ob-
tained by solving
λm(t, t0)
λm(t− a, t0) =
cosh(Eeff,m(t)(t− T/2))
cosh(Eeff,m(t)(t− a− T/2)) (15)
for each eigenvalue λm(t, t0). At sufficiently large, but
not too large temporal separations, i.e. in a t-region,
where Eq. (12) is a valid parameterization of the cor-
relation matrix, the effective energies Eeff,m(t) exhibit
plateaus. The values of these plateaus correspond to the
N lowest energy levels in the sector probed by the in-
terpolating fields, i.e. to Em. We determine each energy
level Em by first fitting
f(t) = A0 cosh(E0(t− T/2)) +A1 cosh(E1(t− T/2))
(16)
to the eigenvalue λm(t, t0) in the region tmin ≤ t ≤ tmax,
where A0, A1 and E0 < E1 are fitting parameters. tmin
and tmax are chosen as follows:
• tmin is the smallest temporal separation t, where∣∣∣Efeff,m(t)− E0∣∣∣ ≤ ∆Eeff,m(t) (17)
(Efeff,m(t) is the solution of
f(t)
f(t− a) =
cosh(Efeff,m(t)(t− T/2))
cosh(Efeff,m(t)(t− a− T/2))
(18)
5and ∆Eeff,m(t) is the statistical error of Eeff,m(t)).
• tmax is the largest temporal separation t, where∣∣∣Efeff,m(t)− Eeff,m(t)∣∣∣ ≤ 3.5×∆Eeff,m(t) (19)
as well as
∆Eeff,m(t)
∆Eeff,m(tmin)
≤ 3.5. (20)
This definition of tmin and tmax guarantees that the effec-
tive energy is consistent with a plateau within statistical
errors for t ≥ tmin and that its statistical errors are still
reasonably small at t = tmax. The energy level Em is then
determined by averaging Efeff,m(t) over the fitting region,
Em = 1
(tmax − tmin)/a+ 1
tmax∑
t=tmin
Efeff,m(t) (21)
(see also Ref. [55], where a similar procedure was used).
The components of the eigenvectors vm(t, t0) obtained
by solving the GEVP (14) provide information about the
structure of the corresponding energy eigenstates:
|m〉 ≈
∑
j
vjm(t, t0)Oj†|Ω〉, (22)
for sufficiently large t, where the ≈ sign denotes the ex-
pansion of the energy eigenstate |m〉 within the subspace
spanned by the trial states Oj†|Ω〉. We found that for
t ≥ tmin the eigenvector components are constant within
statistical errors. Thus, we average the eigenvector com-
ponents vjm(t, t0) according to
vjm =
1
(tmax − tmin)/a+ 1
tmax∑
t=tmin
vjm(t, t0) (23)
and normalize via vjm → vjm/|vm|.
B. AMIAS method
In practice, effective energies Eeff,m(t) often exhibit
strong statistical fluctuations, in particular for large t
and m > 0, rendering a reliable identification of plateaus
and extraction of energy levels Em difficult. Therefore, in
addition to the GEVP method we employ an alternative
analysis method called AMIAS [46, 56, 57].
In section III we have discussed that lattice QCD re-
sults for correlation functions Cjk(t) (see Eq. (1)) with
interpolationg fields Oj , j = 1, . . . , 7 (see Eqs. (2) to (8))
can be parameterized according to Eq. (12). In the t
range we are going to consider, a ≤ t ≤ 15 a, and for the
energy levels Em expected, cosh and sinh can be approxi-
mated by exponential functions, resulting in fit functions
Cfitjk(t) = 2
truncated∑
m
cjm,Ωc
k
m,Ωe
−Emt. (24)
The fit parameters Em and cjm,Ω are real. In the following
they are collectively denoted by Ar.
AMIAS determines a probability distribution function
(PDF) Π(Ar) for each fit parameter Ar. The estimates
for the values of the fit parameters and their uncertainties
are the expectation values and the standard deviations
of the corresponding PDFs,
Ar =
∫
dArArΠ(Ar) (25)
∆Ar =
(∫
dAr (Ar −Ar)2Π(Ar)
)1/2
. (26)
AMIAS is able to handle a rather large number of pa-
rameters using Monte Carlo techniques, i.e. it is suited
to study several energy eigenstates, if the lattice QCD
results for correlation functions are sufficiently precise.
The PDF for the complete set of fit parameters is de-
fined by
P (A1,A2, . . .) = 1
N
e−χ
2/2 (27)
with appropriate normalization N and
χ2 =
∑
j,k
tmax∑
t=tmin
(Cjk(t)− Cfitjk(t))2
(∆Cjk(t))2
, (28)
which is the well-known χ2 used in uncorrelated χ2 mini-
mizing fits. Cjk(t) denotes the correlation functions com-
puted using lattice QCD with corresponding statistical
errors ∆Cjk(t), while C
fit
j,k(t) is given by Eq. (24). In
principle one can also use a correlated χ2. Then, how-
ever, one has to estimate a covariance matrix, which re-
quires rather precise data and computations on a large
number of gauge link configurations (cf. e.g. Ref. [58] for
a detailed discussion).
To obtain the PDF Π(Ar) for a specific fit parameter
Ar, one has to integrate Eq. (27) over all other parame-
ters. In particular, the probability for the parameter Ar
to be inside the interval [a, b] is∫ b
a
dAr Π(Ar) =
∫ b
a
dAr
∫ +∞
−∞
∏
s6=r dAs e−χ
2/2∫ +∞
−∞
∏
s dAs e−χ2/2
.
(29)
This multi-dimensional integral can be computed with
standard Monte Carlo methods. We use a parallel tem-
pering scheme combined with the Metropolis algorithm
as described in detail in Ref. [46]. The parallel temper-
ing scheme prevents the algorithm from getting stuck in
a region around a local minimum of χ2 and guarantees
ergodicity of the algorithm.
While we use tmax = 15 a in Eq. (28), we vary in our
analyses both tmin and the number of terms in the trun-
cated sum in Eq. (24), until we find a stable region with
no observable change in the PDFs for the low-lying en-
ergy eigenstates of interest. For a detailed example see
Ref. [46].
6The coefficients cjΩ,m = 〈Ω|Oj |m〉 = 〈m|Oj†|Ω〉 in the
fit function (24) are the coefficients of the expansions of
the trial states Oj†|Ω〉 in terms of the energy eigenstates
|m〉, i.e.
Oj†|Ω〉 ≈
truncated∑
m
|m〉〈m|Oj†|Ω〉 =
truncated∑
m
cjΩ,m|m〉.
(30)
More interesting, however, is inverting Eq. (30) and writ-
ing the extracted energy eigenstates in terms of the trial
states,
|m〉 ≈
∑
j
v˜jmOj†|Ω〉. (31)
One can show that the matrix formed by the coefficients
v˜jm is the inverse of the matrix formed by the coefficients
cjΩ,m up to exponentially small corrections, i.e.∑
j
v˜jmc
j
Ω,n ≈ δm,n. (32)
Note that the coefficients v˜jm are equivalent to the eigen-
vector components vjm obtained by solving a GEVP (see
Eq. (23)) and, thus, the resuls from the two methods
can be compared in a meaningful way, after choosing the
same normalization (v˜m)
2 = 1.
V. ANALYSIS OF THE CORRELATION
MATRIX AND NUMERICAL RESULTS FOR
THE D∗s0(2317) MESON
A. Extraction of energy levels and amplitudes in a
finite volume
Our goal in this section is to determine the two lowest
energy levels in the sector with D∗s0(2317) quantum num-
bers in the finite spatial volume L3 of the lattice. From
previous results [40–42] we expect that one of the corre-
sponding energy eigenstates is the lowest DK scattering
state, while the other has a somewhat smaller energy and
represents the D∗s0(2317) meson. A precise determination
of these two energy levels is necessary to study the infi-
nite volume limit using Lu¨scher’s finite volume method
in section V B.
Moreover, in this section we will also investigate the
quark content and arrangement of the D∗s0(2317) state
by studying the eigenvector components vjm and the co-
efficients v˜jm introduced in section IV.
1. D and K meson masses and DK threshold
As a preparatory step we computed the masses of the
pseudoscalar mesons D and K within our lattice setup.
It is rather straightforward to obtain precise values for
mK and mD from correlation functions of standard in-
terpolating fields
OD =
∑
x
c¯(x)γ5u(x) (33)
OK =
∑
x
u¯(x)γ5s(x). (34)
We find
mD = 1.8445(9) GeV (35)
mK = 0.5965(4) GeV (36)
using the AMIAS analysis method (extracting the masses
from the corresponding effective energies, as explained in
the context of the GEVP method in section IV A, leads to
compatible results, however, with somewhat larger sta-
tistical errors) [59]. Consequently,
mD +mK = 2.4411(10) GeV, (37)
which is the lowest two-meson threshold in the sector
with D∗s0(2317) quantum numbers and, thus, plays an
important role in the interpretation of further results.
Also of interest is the energy of a non-interactingDK pair
with one quantum of relative momentum pmin = 2pi/L,(
m2D + p
2
min
)1/2
+
(
m2K + p
2
min
)1/2
= 2.6271(9) GeV.
(38)
2. Preselection of interpolating fields
To reduce the seven interpolating fields (2) to (8) to
a somewhat smaller set of interpolating fields, which are
most important to resolve the lowest energy eigenstates
with D∗s0(2317) quantum numbers, we performed GEVP
as well as AMIAS analyses using individual correlation
functions or 2× 2 correlation matrices. From these anal-
yses it became clear, that three of the interpolating fields
(2) to (8) are less relevant.
• Oqq¯, γ0 (Eq. (3)):
One can determine the energy of a low lying state,
which we will identify below as the D∗s0(2317) me-
son, using the correlation function of one of the
two quark-antiquark interpolating fields, i.e. either
of Oqq¯, 1 or of Oqq¯, γ0 . For the latter, however, the
effective energy plateau is reached at larger tem-
poral separation and statistical errors are larger
as well. An analysis of the corresponding 2 × 2
correlation matrices gives the same low lying state
and a second rather noisy effective energy signifi-
cantly above, which most likely receives contribu-
tions from several excited states. The eigenvector
components vjm indicate a strong dominance of the
interpolating field Oqq¯, 1 for the ground state. In
view of these findings we consider Oqq¯, 1 superior
to Oqq¯, γ0 and do not use the latter interpolating
field in any of the following analyses.
7• ODsη, point and ODsη, 2part (Eqs. (5) and (8)):
Correlation functions containing either ODsη, point
or ODsη, 2part exhibit large statistical errors. This
seems to be a consequence of the “η interpolator”
u¯γ5u + d¯γ5d, which is part of ODsη, point as well
as of ODsη, 2part (note that a lattice QCD study
of the η meson is quite challenging by itself, partly
because of strong statistical fluctuations; see e.g.
Refs. [60, 61] for a detailed discussion and a re-
cent computation). Moreover, the mass of the
D∗s0(2317) meson is close to the DK threshold,
while the Dsη threshold is around 155 MeV above
[4]. This suggests that including the interpolating
fields ODsη, point and ODsη, 2part is not essential
to resolve the two lowest energy eigenstates. This
is supported by Refs. [14–17], where the molecu-
lar components for the D∗s0(2317) were found to
be from around 60% to 75% for DK and below
15% for Dsη. Thus, we do not use ODsη, point and
ODsη, 2part in any of the following analyses.
The remaining four interpolating fields Oqq¯, 1,
ODK, point, OQQ¯, γ5 and ODK, 2part (Eqs. (2), (4),
(6) and (7)) are used in the following to determine the
two lowest energy levels in the sector with D∗s0(2317)
quantum numbers.
3. GEVP analysis
The results of a GEVP analysis of the 4×4 correlation
matrix containing the four interpolating fields identified
in the previous subsection are collected in FIG. 1. The
upper plot shows effective energies as functions of the
temporal separation. The four plots below contain the
squared eigenvector components (vjm)
2.
There are two convincing effective energy plateaus with
small statistical errors close to the DK threshold. One
is around 60 MeV below, while the other is somewhat
above, but significantly closer to the DK threshold than
to the energy of a non-interacting DK pair with one
quantum of relative momentum as indicated by the hor-
izontal gray lines (see also Eqs. (37) and (38)). Thus,
there is an additional low-lying state compared to the
non-interacting DK spectrum. The eigenvector compo-
nents clearly indicate that the lowest state resembles a
quark-antiquark pair ((vqq¯, 10 )
2 >∼ 0.90; black bar chart),
while the first excitation is a DK scattering state similar
to a non-interacting two-meson state with both mesons at
rest ((vDK, 2part1 )
2 ≈ 0.85; red bar chart). These eigen-
vector components suggest to identify the lowest state
as the D∗s0(2317) meson. Energy levels Em are deter-
mined from effective energies as discussed in detail in
section IV A. For m = 0, 1 they are listed in Table I.
The third effective energy Eeff,2(t) has large statistical
errors and is somewhat above the estimated energy of a
non-interacting DK pair with one quantum of relative
momentum. It seems likely that it corresponds to a lin-
ear superposition of several DK scattering states with
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FIG. 1. GEVP analysis of the 4×4 correlation matrix with in-
terpolating fields Oqq¯, 1, ODK, point, OQQ¯, γ5 and ODK, 2part.
(top) Effective energies Eeff,m as functions of the temporal
separation t together with the DK threshold (see Eq. (37))
and the energy of a non-interacting DK pair with one quan-
tum of relative momentum (see Eq. (38)). (bottom) Squared
eigenvector components (vjm)
2.
non-vanishing relative momenta. This interpretation is
supported by the eigenvector components, which indi-
cate a dominance of the ODK, point interpolating field
((vDK, point2 )
2 ≈ 0.90; green bar chart), which by con-
struction excites DK states with many different relative
momenta. The fourth effective energy Eeff,2(t) has even
larger statistical errors and is around 1 GeV above the
DK threshold. Most likely it represents a superposition
of a larger number of highly excited states.
From (vQQ¯, γ5m )
2 <∼ 0.05 for m = 0, 1, 2 one can con-
clude that the diquark-antidiquark interpolating field
OQQ¯, γ5 is not important to resolve any of the three low-
est energy eigenstates. In particular the ground state
seems to be predominantly a standard quark-antiquark
pair ((vqq¯, 10 )
2 >∼ 0.90) with only a small DK component
((vDK, 2part0 )
2 <∼ 0.10). There is no significant contribu-
tion from the tetraquark interpolating fields, i.e. both
(vDK, point0 )
2 and (vQQ¯, γ50 )
2 are almost vanishing. We in-
8analysis E0/GeV E1/GeV
GEVP, 4× 4 2.3803(78) 2.4780(50)
AMIAS, 4× 4 2.3790(28) 2.4854(44)
AMIAS, 3× 3, (A) 2.3765(33) 2.4837(49)
AMIAS, 3× 3, (B) 2.3794(35) 2.4946(36)
AMIAS, 3× 3, (C) 2.3857(94) 2.5028(135)
AMIAS, 3× 3, (D) 2.3953(69) 2.7840(456)
TABLE I. The lowest two energy levels E0 and E1 in the sector
with D∗s0(2317) quantum numbers in the finite volume L
3 of
the lattice obtained by various analyses. (A), (B), (C) and (D)
refer to the 3× 3 AMIAS analyses discussed in section V A 4.
terpret this as indication that the D∗s0(2317) meson has
no sizable tetraquark component.
4. AMIAS analysis
The results of an AMIAS analysis of the 4 × 4 corre-
lation matrix are collected in FIG. 2. The upper plot
shows the PDFs generated with the fit function given in
Eq. (24) and six terms in the truncated sum [62]. The
four plots below show the squared coefficients (v˜jm)
2.
When comparing the PDFs to the effective energies in
FIG. 1 one can see, that the energy levels obtained with
AMIAS are consistent with those from the GEVP anal-
ysis. Statistical errors for the AMIAS results are some-
what smaller than for the GEVP results (see Table I).
The coefficients (v˜jm)
2 are also in reasonable agreement
with the GEVP eigenvector components (vjm)
2 from FIG.
1, supporting that the ground state is mostly a quark
antiquark-pair.
To cross-check the obtained results, in particular to
confirm our findings regarding the quark composition and
interpretation of the low-lying energy eigenstates, it is
useful to compare the above 4 × 4 AMIAS analysis to
analogous analyses using the the four possible 3× 3 sub-
matrices as input (for the latter five terms in the trun-
cated sum in Eq. (24) are sufficient). The corresponding
PDFs are shown in FIG. 3, with the 4 × 4 PDFs in the
background colored in light gray.
(A) 3× 3 correlation matrix without OQQ¯, γ5 :
There is essentially no difference between the 3× 3
and 4× 4 PDFs for the three lowest energy levels.
This confirms that the diquark-antidiquark inter-
polating field OQQ¯, γ5 is not important to resolve
the low-lying energy eigenstates. This in turn sup-
ports our conclusion from section V A 3 that the
D∗s0(2317) meson does not have a sizable tetraquark
component.
(B) 3× 3 correlation matrix without ODK, point:
The lowest two energy levels are consistent with the
4 × 4 result within statistical errors. The energy
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FIG. 2. AMIAS analysis of the 4 × 4 correlation ma-
trix with interpolating fields Oqq¯, 1, ODK, point, OQQ¯, γ5 and
ODK, 2part. (top) PDFs for the energy levels together with
the DK threshold (see Eq. (37)) and the energy of a non-
interacting DK pair with one quantum of relative momen-
tum (see Eq. (38)). (bottom) Squared coefficients (v˜jm)
2 for
the four lowest energy levels.
level of the second excitation is, however, signifi-
cantly larger. This indicates that the interpolating
field ODK, point is useful to resolve higher momen-
tum excitations, while it is not essential for a de-
terminaton of the lowest two energy levels.
(C) 3× 3 correlation matrix without Oqq¯, 1:
The lowest two energy levels are slightly larger com-
pared to the 4×4 result, but they are still compat-
ible, because of their drastically larger statistical
errors (see Table I). Thus, it is possible to excite
the D∗s0(2317) meson with only four-quark interpo-
lating fields, i.e. it seems to have a non-vanishing,
but small DK component, which is in agreement
with our findings from section V A 3.
(D) 3× 3 correlation matrix without ODK, 2part:
9The lowest energy level is consistent with the 4× 4
result, even though it has a much larger statis-
tical error. The energy level of the first excita-
tion, however, cannot be determined reliably any-
more. The PDF has a large width and its peak
is localized at energies significantly above the DK
threshold. This confirms that the interpolating
field ODK, 2part is of central importance for a de-
termination the energy of the lowest DK scattering
state.
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FIG. 3. PDFs for the energy levels from 3 × 3 AMIAS anal-
yses. (A), (B), (C) and (D) refer to the 3 × 3 correlation
matrices discussed in section V A 4. The light gray PDFs in
the background correspond to the 4× 4 AMIAS analysis and
are shown to facilitate comparison.
5. Summary of finite volume results and conclusions
A summary plot of the obtained energy levels with
the 4 × 4 GEVP as well as the 4 × 4 and 3 × 3 AMIAS
analyses is shown in FIG. 4. Again it can be seen that the
most important interpolating fields to determine the two
lowest energy levels are Oqq¯, 1 and ODK, 2part. Analyses
using these two interpolating fields (4 × 4 GEVP, 4 ×
4 AMIAS, 3 × 3 AMIAS (A) and (B)) yield consistent
energy levels with small statistical errors.
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FIG. 4. Comparison plot of finite volume energy levels ob-
tained from 3 × 3 and 4 × 4 correlation matrices using the
GEVP method and the AMIAS method. (A), (B), (C) and
(D) refer to the 3 × 3 AMIAS analyses discussed in sec-
tion V A 4.
From the GEVP eigenvector components vjm and the
AMIAS coefficients v˜jm we conclude that the lowest
energy level mostly corresponds to a quark-antiquark
bound state, possibly similar to the D∗s0(2317) meson
in the infinite volume. There seems to be a small DK
component, but no sign of any sizable tetraquark compo-
nent. Moreover, the components vjm and the coefficients
v˜jm clearly indicate that the first excitation is a DK scat-
tering state. These two energy levels will be used for the
finite volume analysis in section V B.
B. Scattering analysis and infinite volume limit
The energy levels collected in Table I were computed
at finite spatial volume L3 with periodic boundary con-
ditions. One can determine the mass of the D∗s0(2317)
meson, which is the infinite volume limit of the ground
state energy, from the lowest two energy levels E0 and E1
at finite volume by performing a scattering analysis con-
tinued to imaginary momenta, i.e. using Lu¨scher’s finite
volume method [63]. This approach has been used in a
lattice QCD study of the D∗s0(2317) meson for the first
time in Refs. [40, 41] and later also in Ref. [42]. It was
also used to study other systems (see e.g. Refs. [44, 64]).
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For a recent review on scattering in lattice QCD see Ref.
[65].
The first step is to determine the squared scattering
momenta k20 and k
2
1 via
En =
(
m2D + k
2
n
)1/2
+
(
m2K + k
2
n
)1/2
, (39)
where E0 and E1 can be taken from Table I and mD
and mK are the D meson and K meson masses ob-
tained within the same lattice setup (see Eqs. (35) and
(36)). With Lu¨schers finite volume method one can then
compute the corresponding two phase shifts δ0(k0) and
δ0(k1),
kn cot(δ0(kn)) =
2Z00(1; (knL/2pi)2)√
piL
. (40)
Here Z00 denotes the generalized zeta function and L ≈
2.90 fm the spatial lattice extent (see section II).
k cot(δ0(k)) can be written as a Taylor series in k
2,
k cot(δ0(k)) =
1
a0
+
r0
2
k2 +O(k4), (41)
where a0 is the S wave scattering length and r0 the S
wave effective range. For sufficiently small k2 one can ne-
glect terms of order k4 and parameterize k cot(δ0(k)) by
the first two terms on the right hand side of Eq. (41). a0
and r0 are then fixed by the two data points cot(δ0(k0))
and cot(δ0(k1)) obtained via Eq. (40). This parameteri-
zation is called effective range expansion.
A stable D∗s0(2317) meson manifests itself as a pole in
the scattering amplitude,
f0k =
1
cot(δ0(k))− i , (42)
i.e. corresponds to cot(δ0(kD∗s0)) = i, where kD∗s0 denotes
the position of the pole. Combining this condition with
the parameterization (41) leads to
ikD∗s0 =
1
a0
+
r0
2
k2D∗s0 , (43)
which can easily be solved with respect to k2D∗s0 ,
k2D∗s0 = −
(
1
r0
±
(
1
r20
+
2
a0r0
)1/2)2
(44)
(note that for our data one of the two solutions has to
be discarded, because it is far outside the region of va-
lidity of the effective range expansion (41), where O(k4)
terms cannot be neglected). The mass of the D∗s0(2317)
meson is given by the right hand side of Eq. (39) with k2n
replaced by k2D∗s0 , i.e. by
mD∗s0 =
(
m2D + k
2
D∗s0
)1/2
+
(
m2K + k
2
D∗s0
)1/2
. (45)
In Table II we show the results obtained for the low-
est two energy levels E0 and E1, for the squared scat-
tering momenta k20 and k
2
1, for the phase shifts, for the
S wave scattering length a0 and effective range r0 as
well as for the position of the pole. To verify that the
effective range expansion (41) is a reasonable approxi-
mation, we also provide s(k20), s(k
2
1) and s(k
2
D∗s0
), where
s(k2) = |a0r0k2/2| corresponds to the ratio of the O(k2)
term and the O(k0) term in Eq. (41). We find values
 1 for the two scattering momenta as well as for the
position of the pole, which gives certain indication that
higher order terms are suppressed, i.e. that O(k4) terms
in Eq. (41) are indeed negligible. In Table II we also
list mD∗s0 , the resulting mass of the D
∗
s0 meson, and
mD + mK − mD∗s0 , the binding energy with respect to
the DK threshold. All results are provided both for the
4× 4 GEVP and the 4× 4 AMIAS determination of the
lowest two energy levels E0 and E1 discussed in sections
V A 3 and V A 4.
In FIG. 5 we show the parameterization of k cot(δ0(k))
with the effective range expansion (41) together with the
two data points k0 cot(δ0(k0)) and k1 cot(δ0(k1)). Note
that the effective range expansion is equivalent to the
right hand side of Eq. (43). We also show the left hand
side of that equation, ik = −√−k2. The intersection of
the two curves corresponds to k2D∗s0 , the binding momen-
tum of the D∗s0(2317) meson.
In FIG. 6 we illustrate the pole in the scattering am-
plitude by plotting
|f0k| =
∣∣∣∣ 1a0k + r0k2 − i
∣∣∣∣−1 (46)
in the complex k plane, i.e. Eq. (42) with the parameter-
ization (41) inserted. The color reflects the quality of the
effective range expansion (41) and indicates that the pole
is in a region, where O(k4) terms should be negligible.
It is important to note that a direct comparison of
our result for mD∗s0 to the corresponding experimental
result mD∗s0,exp = 2317.8(5) MeV [4] is not meaningful,
because the quark masses in our simulation differ from
their experimental counterparts:
• The light u and d quark mass is unphysically heavy,
reflected by the pion mass mpi ≈ 0.296 GeV.
• The s quark mass is unphysically heavy, as indi-
cated by 2m2K−m2pi ≈ 0.62 GeV2 (which is approxi-
mately proportional to the s quark mass) compared
to 2m2K,exp −m2pi,exp ≈ 0.47 GeV2.
• The c quark is unphysically light, because mD ≈
1.845 GeV, i.e. below mD,exp ≈ 1.867 GeV.
Also for the binding energy of the D∗s0(2317) meson with
respect to the DK threshold, mD + mK − mD∗s0 , it is
not clear a priori, whether quark masses, which differ
from their physical values, will result in a value simi-
lar to the corresponding experimental value mD,exp +
mK,exp − m∗Ds0,exp ≈ 45 MeV. One reason for this is
that the threshold mD+mK clearly depends on the light
quark mass, while mD∗s0 , which according to section V A
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E0/GeV E1/GeV k20/GeV2 k21/GeV2 k0 cot(δ0(k0))/GeV k1 cot(δ0(k1))/GeV
GEVP, 4× 4 2.3803(78) 2.4780(50) −0.0531(66) +0.0340(46) −0.2101(195) −0.2350(272)
AMIAS, 4× 4 2.3790(28) 2.4854(44) −0.0542(25) +0.0408(38) −0.2133(72) −0.1984(187)
a0/fm r0/fm k
2
D∗s0
/GeV2 s(k20) s(k
2
1) s(k
2
D∗s0
) mD∗s0/GeV (mD +mK −mD∗s0)/MeV
GEVP, 4× 4 −0.876(76) −0.113(152) −0.0451(99) 0.07 0.04 0.06 2.3897(116) 51.3(11.7)
AMIAS, 4× 4 −0.964(34) +0.062(84) −0.0449(27) 0.04 0.03 0.03 2.3900(64) 51.1(6.5)
TABLE II. Results of the scattering analysis.
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FIG. 5. The parameterization of k cot(δ0(k)) with the ef-
fective range expansion (right hand side of both Eq. (41)
and Eq. (43); green curve) together with the two data points
k0 cot(δ0(k0)) and k1 cot(δ0(k1)) (in magenta). The intersec-
tion with the left hand side of Eq. (43), ik = −√−k2 (blue
curve), corresponds to k2D∗s0 (indicated by the orange error
band). (top) 4 × 4 GEVP analysis. (bottom) 4 × 4 AMIAS
analysis.
is mostly a c¯s state, should be almost independent of the
light quark mass (see also the discussion in Ref. [41]).
Note, however, that we find mD +mK −mD∗s0 ≈ 51 MeV
rather close to the experimentally observed 45 MeV,
which indicates that with respect to the D∗s0 meson we
FIG. 6. |f0k| according to Eq. (46) in the complex k plane.
The pole corresponds to the D∗s0(2317) meson. The color of
the plotted surface is related to the value of s(k2) (green:
s(k2) < 0.1; yellow: 0.1 ≤ s(k2) < 0.2; red: 0.2 ≤ s(k2)).
Thus, it reflects the quality of the effective range expansion
(41) and indicates that the pole at kD∗s0 is in a region, where
O(k4) terms should be negligible.
might be in a similar situation as in real world QCD, even
though we are not precisely at physical quark masses. Be-
cause of this and since mD∗s0 is close to the lowest energy
level E0 obtained at finite lattice volume (around 10 MeV
difference as can be seen from Table II), we expect that
our findings and statements from section V about the
importance of the two-quark and the four quark interpo-
lating fields also apply for physical quark masses and the
infinite volume limit. This is further supported by the
qualitative agreement of our results for a0 and r0 and
corresponding results obtained in lattice QCD computa-
tions at almost physical quark masses [41, 42].
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VI. SUMMARY AND CONCLUSIONS
We studied the D∗s0(2317) meson with lattice QCD us-
ing interpolating fields of different structure. In addition
to quark-antiquark interpolating fields and two-meson in-
terpolating fields, which were already considered in pre-
vious lattice QCD studies, we implemented and explored
the importance of tetraquark interpolating fields. For
these tetraquark interpolating fields the four quark oper-
ators are centered at the same point in space and their
color and spin structure corresponds to either a meson-
meson pair or a diquark-antidiquark pair.
In the finite spatial volume of our lattice with ex-
tent L ≈ 2.90 fm we find two low-lying energy eigen-
states, one around 60 MeV below the DK threshold,
the other slightly above the DK threshold. The GEVP
eigenvector components and the AMIAS coefficients and
PDFs clearly indicate that the state below threshold,
which corresponds to the D∗s0(2317) meson, is mostly of
quark-antiquark type with only a small DK component,
while the state above threshold is a DK scattering state.
The tetraquark interpolating fields explored in this work
turned out to be essentially irrelevant, when extracting
the corresponding two energy levels, i.e. the couplings of
the state below threshold to these interpolating fields is
close to zero. We interpret this as indication that the
D∗s0(2317) meson is mainly a quark-antiquark state and
not a tetraquark, as discussed or proposed by various
existing papers.
It is important to keep in mind that our computation
was carried out for a single spatial volume and at quark
masses different from those in the real world, in partic-
ular a u and d quark mass corresponding to a heavier
pion, mpi ≈ 0.296 GeV. We performed a scattering anal-
ysis using Lu¨scher’s method to determine the mass of the
D∗s0(2317) in the infinite volume limit. We find this mass
51 MeV below the DK threshold, rather close to our fi-
nite volume result as well as to the experimental value
45 MeV. Thus we expect that our findings concerning the
importance of various interpolating fields as well as the
quark composition of the D∗s0(2317) meson will also ap-
ply to infinite volume and physical quark masses at least
on a qualitative level. Of course, it would be worthwhile
and interesting to perform similar computations at phys-
ical quark masses and for several volumes in the future,
in particular to check the approximate independence of
the GEVP eigenvector components or the AMIAS coef-
ficients from the spatial volume.
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